Abstract. We study nontaut codimension one foliations on closed Riemannian manifolds. We find an estimate of some constant derived from the mean curvature function of the leaves of a foliation by some isoperimetric constant of the manifold. Moreover, for foliated 2-tori and the 3-dimensional unit sphere, we find the infimum of the former constants for all nontaut codimension one foliations.
Another question we can ask is: what is the infimum of I(F) for all nontaut codimension one foliations F on M ? The answer is given for foliations on 2-tori and the 3-dimensional unit sphere. In the case of foliations on the sphere S 3 , the infimum found suggests that an isoperimetric constant coming from separations of S 3 by tori is achieved by the Clifford torus. This statement seems to be close to the so-called Lawson conjecture about minimal tori on S 3 .
Preliminaries
2.1. Foliations. Let (M, g) be a smooth oriented closed Riemannian nmanifold and let ∇ be the Levi-Civita connection on (M, g). We denote by M the family of all closed (n−1)-submanifolds S that separate M into two connected open submanifolds M 1 and M 2 satisfying M \ S = M 1 ∪ M 2 and ∂M 1 = ∂M 2 = S. Then we can define the isoperimetric constant I(M ) by
where Vol n−1 (S) is the (n−1)-volume of S, and Vol n (M 1 ) is the n-volume of M 1 . It is known that I(M ) > 0 (see [Ch] ).
Let F be a smooth transversely oriented codimension one foliation on M . Let x ∈ M and U be an open neighbourhood of x such that there exist vector fields E 1 , . . . , E n−1 on U spanning T F| U . We can assume that g(E i , E j ) = δ j i for i, j = 1, . . . , n−1. Moreover, let N be a unit vector field on U orthogonal to F. We assume that for any y ∈ U the system {E 1 (y), . . . , E n−1 (y)} is a positively oriented frame of T y L y and {N (y), E 1 (y), . . . , E n−1 (y)} is a positively oriented basis of T y M .
Definition 2.1. Under the above assumptions we locally define the function H F by
and we call it the mean curvature function of the leaves of F.
Then χ F is a well defined (n−1)-form on M and χ F | L is the volume form of a leaf L ∈ F. Let Ω be the volume form of M . We put
Under the above notations we have the Rummler formula [Ru] 
Nontaut codimension one foliations
Definition 2.2. A foliation F on an oriented compact manifold M is said to be taut if there exists a Riemannian metric on M such that all the leaves of F are minimal submanifolds of M (H F ≡ 0).
According to Corollary 3 from [Su, p. 220] , an oriented codimension one foliation is taut iff every leaf meets a closed curve transverse to the foliation. We say that a nonempty compact subset D ⊂ M is a positively (negatively) foliated domain iff D is a union of leaves of F and the unit normal field points outward (resp. inward) everywhere on the boundary ∂D. Note that ∂D is a finite union of compact leaves. Oshikiri has proved the following Theorem 2.3 ( [Os] Let F be a nontaut transversely oriented codimension one foliation on a compact oriented manifold M . Then, by Theorem 2.3, the family D + (resp. D − ) of positively (resp. negatively) foliated domains is nonempty. It is easy to see that for
the family of all minimal positively (resp. negatively) foliated domains. Then a simple argument leads to the following lemma.
Total curvature of a codimension one foliation of S n . Suppose that
M is an open subset of the unit sphere S n and that F is an oriented codimension one foliation on M . We denote by N a unit vector field on S n normal to F. Let K F (x) be the Gauss-Kronecker curvature of L x ⊂ S n at the point x and let S(n, n − 1) be the family of all complete totally geodesic (n−1)-submanifolds of S n , that is, of great spheres S = H ∩ S n , where H is an n-dimensional vector subspace of R n+1 . The set S(n, n − 1) has a natural structure of a smooth differentiable manifold and has a unique measure µ S invariant under the action of the group of isometries of S n such that µ S (S(n, n − 1)) = 1 2 · Vol S n . Let S ∈ S(n, n−1). We denote by F| S the family of all connected components of intersections L∩S, where L ∈ F. Then for almost all S ∈ S(n, n−1), F S is a codimension one foliation on S with only isolated singularities and the orthogonal projection N S of the vector field N onto T S is a tangent vector field on S with only isolated singularities. Moreover the foliation F| S has a singularity at x ∈ S iff S is tangent to F at x. We denote by Σ(F| S ) the set of all singular points of F| S . Clearly, if x ∈ S \ Σ(F| S ) then the vector N S (x) is orthogonal to the foliation F S . Suppose Σ(F| S ) consists of isolated points and let x ∈ Σ(F| S ). We define the sign of a singular point x of F S as follows:
where i(x) is the index of the vector field N S at x. Langevin [La] shows that for almost all S ∈ S(n, n − 1) such that Σ(F| S ) consists of isolated points we have |i(x)| = 1 for x ∈ Σ(F| S ). We denote by S the subset of S(n, n − 1) of all S such that Σ(F| S ) consists of isolated points and |i(x)| = 1 for all x ∈ Σ(F| S ).
Definition 2.5. For S ∈ S we put |µ|(F, S) = card(Σ(F| S )) (7) and if |µ|(F, S) < ℵ 0 , then
sign(x). (8) Under the above assumptions the following theorem holds. [LaLe] , [La] ).
Now let F be a codimension one foliation on the sphere S 3 . We suppose that S ∈ S ⊂ S(3, 2). By the Poincaré-Hopf theorem (see [Ho] ) we have
where χ(S) is the Euler characteristic of S. Therefore |µ|(F, S) ≥ 2 and µ(F, S) = 2. As a simple corollary of the last theorem we obtain the following two theorems.
Theorem 2.7 ( [La1] , [La2] , [La] ). Let F be an oriented codimension one foliation on the 3-sphere S 3 . Then
Theorem 2.8 ( [La1] , [La2] , [La] ). Under the assumptions of 2.7 we have
We end this subsection with another theorem.
Theorem 2.9 ( [La1] , [La2] , [La] 
The main inequality
Theorem 3.1. Let (M, g) be a closed Riemannian manifold of dimension n and let F be a nontaut codimension one foliation on M . Then (14) where Ω is the volume form of M and H F is the mean curvature function of the leaves of F.
Then by the Stokes theorem, Rummler formula (5) and Hölder inequality, for all i ∈ {1, . . . , k F } we have
Since there exists at most one
Remark 3.2. The first inequality in (15) becomes an equality if the function H F has a constant sign on D i . The second inequality, by the Hölder theorem, can be replaced by an equality iff there exist nonvanishing constants C 1 and C 2 such that
the function H F must be as above and D i has to be a subset of M such that
Remark 3.3. When all positively or negatively foliated domains D i are such that Vol D i ≤ 1 2 Vol M , the argument in the proof of Theorem 3.1 leads to
Slanted torus T α (v, w).
Let v, w ∈ R 2 be linearly independent vectors and (v, w) = α. We assume for simplicity that 0 < α ≤ π/2 and v ≥ w . We define an equivalence relation ∼ on R 2 by declaring that
with the quotient topology is a smooth closed oriented 2-dimensional differentiable manifold.
Definition 3.4. T α (v, w) equipped with the Riemannian metric induced from the canonical metric on R 2 is called a slanted torus here.
Let F be the family of all nontaut codimension one oriented foliations on T α (v, w) and
for F ∈ F . We will show that
First, we should compute the isoperimetric constant I(T α (v, w)). Since a one-dimensional submanifold of T α (v, w) which divides T α (v, w) into two open submanifolds and has shortest boundary is either a union of two closed geodesics each of length w or a circle, we get
Theorem 3.5. For any F ∈ F ,
I(F) = 2 · I(T α (v, w)). (19)
Proof. Let F be a nontaut dimension one foliation on T α (v, w) . Then F has nondense leaves. Hence, by Kneser's theorem [Kn] there exist saturated subsets A i ⊂ T α (v, w), i = 1, . . . , ∞, such that:
for any i = 1, . . . , ∞ the set A i is an annulus, that is, A i is connected and its boundary ∂A i is a union of two closed curves which are compact leaves of F from a nonzero homotopy class, (3) for any i, j = 1, . . . , ∞ connected components of ∂A i are homotopy equivalent to components of ∂A j , (4) the annuli A i are foliated in one of the following ways:
(a) all the leaves of F in A i are compact, hence they are homotopy equivalent to components of ∂A i , (b) all the leaves of F contained in A i tend in a spiral way to components of ∂A i which are oriented in this same way, (c) all the leaves of F contained in A i approach the components of ∂A i which are oriented in the opposite way (Reeb components Since the number of Reeb components of F is at least 2, there are two distinct Reeb components A, B ⊂ T α (v, w) and
where T = Area T α (v, w) and l is the length of the shortest component of ∂A ∪ ∂B. We have thus shown (18). Let now α, v and w be such that π v sin α ≥ 2 w . We can assume that v = ( v sin α, v cos α) and w = (0, w ). Let r = 1 4 v sin α. For any ε from the interval (0, r] we will construct a foliation F ε ∈ F such that
where δ(ε) > 0 and lim ε→0 δ(ε) = 0.
We first define f ε : (0, r] → R by
where
The function f ε is smooth and has the following properties:
• the graph of f ε over (ε, r] is a piece of the circle with center (r, 0) and radius r.
Let k ε (x) be the curvature of the graph of f ε at (x, f ε (x)). Then k ε : (0, r] → R is a smooth function with the following properties:
Let f ε : (0, 2r) → R be defined by
It is easy to verify that f ε is smooth. Moreover, its graph is symmetric about the line x = r. We denote by W c ε the graph of f ε + c where c ∈ R. The one-parameter family {W c ε } c∈R defines a one-dimensional foliation of (0, 2r) × R invariant under vertical translations. Similarly, we construct a foliation on (2r, 4r) × R. As a result we get a one-dimensional foliation of [0, 4r] × R by completing the previous one with the lines x = 0, x = 2r and x = 4r. Because this foliation is invariant under vertical translations, it determines a foliation F ε ∈ F . Therefore, we have
where 0 ≤ t ≤ 1 and (x, y) = tv + (1 − t)w. Moreover, we get
Then, putting δ(ε) = 4 w εB 2 we obtain v, w) . This ends the proof of Theorem 3.5.
Let T be the family of all one-dimensional submanifolds C of T α (v, w) dividing the slanted torus T α (v, w) into two open submanifolds M 1 and M 2 of genus 1. We define a new isoperimetric constant as follows:
Then the reasoning in the proof of Theorem 3.5 yields immediately the following corollary.
Corollary 3.6. For any nontaut one-dimensional oriented foliation
Corollary 3.7. For any nontaut one-dimensional oriented foliation F of the standard flat torus
3.3. Sphere S 3 . We now consider the three-dimensional sphere S 3 = {x ∈ R 4 ; x = 1} with the Riemannian metric induced from the canonical metric on R 4 . We denote by M the family of all closed codimension one genus one submanifolds T of S 3 . Then any T ∈ M is a torus separating S 3 into two open connected submanifolds M 1 and M 2 . We define a new isoperimetric constant I 1 (S 3 ) by
Obviously I 1 (S 3 ) ≥ I(S 3 ). Let now F be the family of all nontaut transversely oriented codimension one foliations on S 3 . We will show that
First of all we will estimate I 1 (S 3 ). The volume of S 3 equals 2π 2 . Note that the sets
are open submanifolds of S 3 and ∂A r 1 = ∂A r 2 = T r , where
It is easy to see that
(4π 2 r √ 1 − r 2 ) 3 min{2π 2 r 2 , 2π 2 (1 − r 2 )} 2 = 8π 2 ,
hence I 1 (S 3 ) ≤ 8π 2 . Determining the constant I 1 (S 3 ) is not easy and is connected with the so-called Lawson conjecture [Law] which says that any minimal torus in S 3 is isometric to the Clifford torus T 1/ √ 2 . Let H r and K r be respectively the mean curvature function and the Gauss-Kronecker curvature of T r considered as a submanifold of S 3 . An easy computation shows that
for any x ∈ T r . (Hence the Clifford torus T 1/ √ 2 is a minimal submanifold of S 3 .)
We denote by H F and K F respectively the mean curvature function and the Gauss-Kronecker curvature of the leaves of F ∈ F . Obviously, 
